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ﬁmﬁ Basic CFD equations
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e Conservation of Mass
e Conservation of Momentum
* Conservation of Energy
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ET Reynolds Transport Theorem

TIRUPATI

= Let B be any property of the fluid (mass, momentum, energy)

dB : . : :
" leth = — be the intensive value of B (amount of B per unit mass) in any small
element of the fluid

4B —“D(b)+ bV.v| av
dt - VDtp pov-v
MV
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o 0 General Conservation Equation
TIRUPATI
Change of ¢p over |= |Surface flux of ¢ * | Source/sink of ¢
time At within the over time At across over time At within
material volume the control volume the control volume
Term | Term Il Term llI

(Pfﬁ) +V.(pvp) =V.(IVP) +Q

Convection term Diffusion term Source term

unsteady term
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o 0 Basic CFD equations
dp
E + V. (pU) =0
0
(a,Otv) +V.[pvv.n—nT,|—f, =0
Jd(pE)

Py V.|pEu —vTs+q| — f,. v =0
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i 0 A Navier-Stokes Equation
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dpv
ot

FV.(pv @ v) = —-V.pI +V.2uD + pg
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o 0 Discretization

UPATI

-
A

v
Physical Physical Domain Discretization <Equation Discretization
Domain Phenomena Structured Grids Finite Difference
‘Cartesian, Non-Orthogonal) Finite Volume
Block Structured grids Finite Element
_ _ _ _ Unstructured Grids System of Boundary Element
Domain Modeling Physical Modeling Chimera Grids Algebraic
v Equations
Set of Governing Equations
Defined on a Computational Solution Method
Domain Combinations of
 / Multigrid Methods
| lterative Solvers
Numerical Coupled-Uncoupled
Solutions
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o 0 Discretization

TIRUPATI

¢  Domain Modeling ¢ Physical Modeling

heat sink heat spreader base T.S‘fﬂ k insulated e EqLI ations Discretization

hY 1 II'L d}
V. (kVT)=¢ N 3(p9) o
E l D T—V{.ﬂr\'é]:.l" H"-@"]-Q

-  romvariic i Turic SOAITE
ey verkion diffuriog F~—
ferm Fr.'?n ietm

a.g.+ Y a.¢.=b.

MICroprocessor ————E' ﬂr!r’('rﬂpmt‘fsmr _ cl:' FeNBIC)

e/

(v Solution Method

@) Domain Discretization

Patch#2 Patch#1
d

h

Patch#3 ——0
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Taylor Series and
Numerical Analysis
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ﬁﬁm Straight Line
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(X2,¥2)

(x1,¥1)
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ﬁiﬁﬁ Straight Line
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(x2,¥2)

Yy—V1 _ X7X
Gar) Y2—=YV1 X2~ X1
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ﬁﬁﬁ Straight Line
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(X2,¥2)

Y2 — V1
X2 —Xq

y=J’1‘|‘( )(x—xl)

(x1,¥1)
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ET Straight Line

oy Y = V1T (Z :2) (x — x1)
y = f(x)
y1 = f(xq1)
V2 = f(x2)
(x1, f(x1)) .
f(x)=f(x1) + (f(x;) = i(xl)) (x — x1)
2 1
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I:‘l '.' lgl |;:I
il I o o
TIRUPATI

(x2,¥2)
co4

L —2f
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y =y, +m(x —xq)
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i i Slope
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(X1 + Axyq,y +$A3’1)
Y2 — V1

X2 — X1

y:)’1+(

I[CV

! y =y, +m(x —xq)
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i i Slope

(x2, f (x2))

| _ Y2 = V1

i y—)’1+<x2_x1>(x—x1)
= y = f(x)
~ y1=f(x1)
J Y2 = f(x2)

f@) = f(x) + (f 2 ﬁ(xl)) (x — x1)

2 — X1
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i i Slope

TIRUPATI

(x1 + Axy, (x4 + Axy))

W y:)’1+<y2_Y1>(x—x1)

~ X2 — Xq
> y = f(x)
T y1 = f(x1)

V2 = f(x1 + Axq)

F) = Fxn) + (f (¥ 4%) = (x”) (x —2,)

Axq
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TIT Slope
TIRUPATI

(x1 + Axy, (x4 + Axy))

|

y=7f)

« (S =(xv + ™)/

d
FO) = Flx) + (d—ﬁ) (x — 1)

X=X1

fO) = fe) + ) (x — x1)
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T Splines

TIRUPATI
(x3, f(x3))
o fey ) =alx—x)(x —xz) +b(x —x1) + ¢
f(x1) =c
e, £ (1)) f(x2) = b(xy — x1) + f(x1)

f(x3) = alxs —x1)(x3 — x2) + b(x3—x1) + f(x1)
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T Splines

TIRUPATI
(x3,f(x3))
f(x)=a(x—x)(x —x,) +b(x—x1)+cC

f(x1)=c
f(x) =b(xy —x1) + f(x1)

(x2, f(x2))

(x1, f(x1))

f(x2) — f(x1) = b(xz; — x1)
f(x) —f(xq) _

X2 — Xq

b
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T Splines

(x3, f(x3))
(x2, f (x2)) f(x) = ale=x)(x =x2) +b(x = x1) + ¢
f(x1)=c
f(x) =b(xy —x1) + f(x1)
Ger, f (1)) fle) —f(x1) .
X2 — Xq N
fle +Ax) = f(x1) _ £ (xy) = b

Axq

Panchatcharam




el SN dwerr fredf

T Splines

TIRUPATI
(x3, f(x3))
Cofoy 1) =alx —x)(x —x2) +b(x —x1) +c
f(x1)=c
f'(x))=»b

(x1, f(x1))
f(x3) = a(xs —x1)(xX3 — x2) + b(x3—x1) + f(x1)

f(x3) — f(xq) _

X3 — Xq

a(x3 —x,)+Db
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T Splines

(x3, f (x3))
(x4, F () f(x)=alx—x1)(x —x3) + b(x —x1) +c
fa) =c f'(x1) = b
flxs) = f(x1)  fx2) = f(x1) B
CWIEN) Pa—— o —x, el x2)

f(x3) = f(xq1) _ f(x2) = f(xq)

X3 — Xq X2 — Xq
X3 — X2

= a
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T Splines

f(x)=alx —x1)% +b(x—x) +c
flx))=c f'(xq)=>b

£ (x1) _
2!

a

flx) =flx) + fle)(x —x1) + ! 2(751) (x — x1)?
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ﬁﬁﬁ Taylor Series
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o fiS infinitely differentiable about a pOint X0

00)

Fx) = z f(n) (x0) (x — x0)™

n!

n
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ET Taylor’s Theorem

TIRUPATI

C f(n)(xo)hn
flg+h) = ) "0+ Ry(®)
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TIRUPATI

Panchatcharam

Taylor's Approximation

f(xo+h) =f(xo) + f'(xg)h + Ry (x)
f(xg+h)—f(xg) = f'(xg)h + Ry (x)
Dividing by h

[0t 1) _f60) _ pyi s P
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i i i fi Taylor's Approximation
f(xoh+ h) f(xo) = F1(xy) 4 R1(x)
h) — R,
f,(xo) — f(xO + ]’)L f(xO) _ lgx)
Ri(x) .

is small, then

Assume

f(xo +h) = f(x0)
h

f'(xg) =
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ﬁﬁﬁ Forward Euler Scheme
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f(xo+h) — f(x0)

f'(xg) = N
Y g(ty)
dt_g Iy
Q%Y‘rwl_Yn
dt At

Yn+1 = Yn + Atgn
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LT Backward Euler Scheme

TIRUPATI

F1(xg) ~ f(xo+h) — f(x0)

h
dy
E — f(t'y)

ﬂ - Yn+1 — Yn
dt At

Yn+1 = Yn T Atfn41
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T FEuler Schemes

TIRUPATI

Explicit Euler Method
Vn+1 = Yn T ALf,
Implicit Euler Method

Yn+1 = Yn + Atfriq
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i 0 A Euler Schemes

TIRUPATI

’ —

y' =—ky,y(0) =y,

Explicit Euler Method Kkt
Yexact = Yo€

VYn+1 = Yn — Atky,

VYn+1 = (1 — Atk)y,
Implicit Euler Method

VYn+1 = Yn — Atkyn4q

(1 + Atk)yn41= Yn

_
Yn+1 =11 Atk)
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ET Centered Difference

TIRUPATI

f’(xo) ~ f(xO + h) o f(xO)

h
dy
E — f(t'y)
ﬂ ~ Yn+1 — Yn
dt At

Yn+1 = Yn T Atfn_l_%
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LT Taylor's Approximation to solve ODE

TIRUPATI

Let us solve the following ODE

u' =3u+ 2

From Taylor’s approximation,

u(xo +h) —ulxy)

u' =3u+2
u(xg + h) —u(x
Got W) =uo) _ o v

h
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LT Taylor's Approximation to solve ODE

TIRUPATI

u' =3u+2

u(xg + h) — u(xp)
h

= 3u(xy) + 2

u(xy + h) —u(xy) = 3hu(xy) + 2h

u(xg + h) = u(xy) + 3hu(xy) + 2h
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TIRUPATI

Panchatcharam

Taylor’s Approximation 2™ Order

" R2

Floxo + ) = FGro) + £ Grodh + L2024 Ry o
. 12

f(xo—h) =f(xo)—f'(xo)h+f (xZO) + R (x)

fxo+h)+ flxg—h) = 2f(xp) + f"(x9)*

fQxo+h) —2f(x) + f(xo — h)
¥

f"(xg) =
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LT Taylor's Approximation to solve ODE

TIRUPATI

Let us solve the following ODE

u'’ =3u+?2
From Taylor’s approximation,

u(xy + h) — 2u(xy) + u(xy — h)
2

u”(xo) =

u’' =3u+2

u(xy + h) — 2u(xy) + u(xy — h)
2

= 3u(xy) + 2
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LT Taylor's Approximation to solve ODE

TIRUPATI

u(xy + h) — 2u(xy) + u(xy — h)

2 = 3u(xy) + 2
Assume u(xy) = u;, u(xyg — h) = u;_q,
u(xg + h) = ujyq
Then ,
Ujpq — 2U; T U
1+1 l -1 _ 3ui + 2

12
U;jpq — 2u; +u;_q = 3h%u; + 2h?

Uj_1 — (2 + 3h2)ui + Uiy1 = th
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LT Taylor's Approximation to solve ODE

TIRUPATI

Uji—1 — (2 + 3h2)ui + Uir1 = th

=1
_(2 + 3h2)u1 + uZ —_ th
=2
u1 — (2 + 3h2)u2 ~+ U3 —_ 2h2
i=
Uy — (2 + 3h*)usz + uy = 2h?
I=N

uN_1 — (2 + 3h2)uN —_ th
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LT Taylor's Approximation to solve ODE
TIRUPATI
—(2 + 3h%)uy + u, = 2h? i
u; — (2 + 3h*)u, + uz = 2h? a 100 00
2 . 2 1 a 1 0 0 O
u, — (2 + 3h*)uz; +u, = 2h a=lo 1 1 0 0
Un—-1 — (2 + 3h2)uN — th o . a .
Au=>b - .
a=—(2+ 3h?% 0 0 0 0 .. 1 a-
Uy 2
u=|"2[b=|2
UN 2h?)
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i i i fi Taylor Series on two Variables

TIRUPATI

Zy — 244 Zy — 244
Z=Zl+( )(x—x1)+(y )()’_3’1)

X2 — X1 2~ V1
z=f(xY)
fx,y)
= Fenys) + (f(x1 + Ax1»2’;z - f(x1:Y1)> (x — x,)
N (f(x1»3’1 + AX’Q — f(x1»3’1)) (v = v7)
V1
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i i i fi Taylor Series on two Variables

TIRUPATI

Zy — Zq Zy — Zq
ZzZl+< )(x—x1)+<y )(J")ﬁ)

X2 — X1 2 — W1

f,y) = f(xy,y1) + ( 6‘x’
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i i i fi Taylor Series on two Variables

TIRUPATI

flx,y)
0f (x1,¥1 of (x1,y1
= f(x,y1) + ( fry )> (x —xq) + ( flxy )> vy —y1)

dx dy
1[/0? , 0° ,
4 . [( fg;z 3’1)) (x — x;)% + ( fg;,lz Y1)) (x — x)(y — 1)

0° ,
+ ( fg;lz yl)) (y - yl)z]
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ﬁﬁﬁ Taylor Series

TIRUPATI

» fis infinitely differentiable about a point x

00

Fx) = Zf(n) (x0) (x — x¢)"

n!

n
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IIT Taylor Series on two Variables
f(xl; xz, )
(X1 — xo)nl ( — xo) gmt +ndf
2 2 - Ng! (ax?l ...0x2d> (xg, - X6)

© 0 . nq . n, [ gritng

n{y Ny
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LET 1D Heat Equation

TIRUPATI

oT 0%T 0<x<I,
Eza_axz 0<t<

T(0,t) =f(t),0<t<

T(Lt)=9(),0<t< o

Diffusion:

behavior of the collective
motion of micro-particles in a T(.X', O) — S(.X'), 0<x<I
material resulting from the

random movement of each

micro-particle. a-diffusion coefficient
T(x,0) = s(x)
T(0,t) = f(t) ( N T(,t) = g(t)
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Wﬁjﬁ 1D Heat Equation

TIRUPATI

G_T_aaz_T 0<x<l
ot  0x?2 0<t<oo

T0,t) =f(t),0<t< o

T(L,t)=g(),0<t<o T(x,0) = s(x)

T(0,t) = f(t) B
T(x,0) =s(x),0<x<1 ( /- T(Lt) =g()
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TET 1D Heat Equation
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 Diffusion equation converges to a stationary solution T;(x) as t - o
* InthislimitT,=0andT,(x) =0
* This stationary limit of the diffusion equation is called Laplace equation

Panchatcharam
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ﬁﬁﬁ 1D Heat Equation

TIRUPATI

oT  9°T 0<x<l,
ot dx?

T(0,t) =0,0<t <
T(Lt)=00<t< o0
T(x,0) =s(x),0<x <1

T(x,0) = s(x)
T(0,t) = f(t) | D) ;) = ()
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ﬁﬁﬁ Forward Euler Scheme

TIRUPATI

x; = iAx,i =0,1,2,...,N,

o0—0O0—"0_0O0—-0—"0O—"0O—0—0-0

tn =nAt,n — 0,1,2,...,Nt Xo X1 X2 X3 X3 X5 Xg X7 Xg

T(xi' tn) — Tin

i,n+1

@ @
i-1,n i,n i+1,n
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i I i
TIRUPATI
2
a_T: aa T-I—f f”(xo)zf(xo-l_h)_Zf}E;CO)—l_f(xo_h)
dat 0x?

T(x;t,) =T

OT (x;,tn)  0°T(x;, ty)

ot Oz T/ t)
Tt -1 _ . iv1 — 2T+ T,
At Ax?

Panchatcharam

Forward Euler Scheme

O '@ '@ ) ) ) '® '@ O
U/ \ \ U/ U/

NS NS

Xo X1 X2 X3 X3 X5 Xg X7 Xg

i,n+1
@)
n
l
O @ O
i-1,n i,n i+1,n
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T Forward Euler Scheme

TIRUPATI
ls
aT 04T
ot axz ()
ts
_n
T(Xi, tn) Tl t2
{1
n+1 n n n tOO ) () ) ) ) ) ) O
Tl _Tl . l+1 ZT +T +f’n Xo X1 X2 X3 X3 X5 Xg X7 Xg
At B Ax? i
i,n+1
n+1 n n n n
T; =T; +C(A—xz l+1—2T + T; 1)+f At
@ o
i-1 ,n i, n f.+1,n
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o 0 Forward Euler Scheme

TIRUPATI

2 i,n+1 te

oT 2T .
—_— __I_f t5
ot axz ()
t3
— Tn t
T(xi) tn) T Ti . ® -. '. 2
i-1 ,n I,n +1,n t
to

O '@ '@ ) ) '@ ) ) O
NS NS

NS

T/ =T+ F(TV, — 2T+ TR ) + fTAt %0 % % x5 % %5 X6 % %

At F is the dimensionless number that lumps
F=a«a F the key physical parameter in the problem, «,
X and the discretization parameters Ax and At
into a single parameter. Depending on F, the
numerical method schemes are chosen.
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TIRUPATI

x; = iAx,i =0,1,2,...,N,
t, =nAt,n =0,1,2, ..., N;

T(xi' tn) — Tin

Panchatcharam

Backward Euler Scheme

O ) O ) O ) ) O O
J g\ N N - - J

Xo X1 X2 X3 X3 X5 Xg X7 Xg

i-1,n+1 |,n+l j+1 ,n+1
O -]

54



el SN dwerr fredf

Backward Euler Scheme

TIRUPATI

2 ‘6

a_T _ aa T f f,,(xo)zf(xo+h)—2f}$€0)+f(xo—h) to

Jt axz Ly

t3

T(xi' tn) — Tin 5

t

to

OT (x;,tn)  0°T(x;, ty)
ot 0 ox?

T f(xil tn)

Tin . Tin—l

iv1 — 2T + T2,

At B Ax?

Panchatcharam

O '@ '@ ) ) ) '® '@ O
U/ \ \ U/ U/

NS NS

Xo X1 Xo X3 X4 X5 Xg X7 Xg

j-1,n+1 ,n+l j+1 ,n+1
@ @ )
n
+ fi
@
i, N
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LT Backward Euler Scheme

TIRUPATI
te
2
a_T _ aa_T n T(Xi, tn) — Tin .
ot axz ()
t3
-1
Tln - Tln _ 17}|—1 ZTin + Tizl 4 fn ZZ
At Ax? y '
b 5 5465 6486 46 54
At Xo X1 X2 X3 X34 X5 Xg X7 Xg
n—1 n n n
Tl T —(X(sz)(Ti_l_l ZT -I-T 1)+Atfl 1o+l iomel Qe mel
@ @ @
T =T =F(T/, — 2T + T ) + Atf"
)
L
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LT Backward Euler Scheme

TIRUPATI
te
2
a_T _ aa_T n T(Xi, tn) — Tin .
Jt axz Ly
1 ts
T =T " = F(T", —2T* + T* ) + Atf" .
t
—FT2, + (L + 2P)T — FT{, = T, + Atf]” OO b0 0 b o000
Xo X1 Xz X3 X4 Xc Xg X7 Xg
—FTy + (1 + 2F)T — FTY = T + Aeff? i-1,n+1 j,n+l 41,041
@ @ O
—FT + (14 2F)T} — FTI} = TP 1 + Atf]
—FT} + (1 + 2F)TY — FT]* = T3 1 + Atfd o
L
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Backward Euler Scheme

TIRUPATI
oT  9%T .
= a—5 + T(x;,ty) = T;
ot 0x? /
—FT', + (1 + 2F)T/* — FT | = T"7* + Atf"
AT = b
(Ao o1 O 0
a9 QA11 Qg2 : Aji—1 = Aji+1 — —F
0 a1 a4z azs 5
: 0 a;z ‘1.33 a.34 0 Aj;i = 1+ 2F
0 a;-1 Qi Qi+ 5
, . . . 0
: AN, —1N,
| 0 0 ayne-1  Anyn,
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i i i fi 1D Heat Equation
TIRUPATI

oT — aZT_|_ O<x<lI

ot “axz / 0<t< oo

T(0,t) =0,0<t <
T(,t)=0,0<t< o0
T(x,0) =s(x),0<x<1

T(x,0) = s(x)
T(0,t) = f(t) | D) ;) = ()
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o 0 Backward Euler Scheme

TIRUPATI

oT  9°T .
E=aﬁ+f T(xi;tn)—Ti

—FT + (L+ 2F)T! — FT{Y, = T + Atf?

AT" =D Ajj—1 — Ajj+1 — —F a; =1+ 2F
_aoo a01 O O } — — . — n—l
Aip Aa11 Q12 : bO bNx O’ bl Tl
0 Az1 QA2 A3
: T T " by ]
0 a a a 0 0 0
32 33 34 T by
A == E E 'o. '-. -.. 0-_ ’-. nan as E Tn — ’I'.an b — b:2
0 a;-1 a; Qi+ : n=
' ' ’ ’ 0 TN,—1 bN,-1
AN, —1N, | Ty, | | b,

0 e e w0 ayn.-1 Ann, |
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i i i fi Taylor Series on two Variables

TIRUPATI

Zy — 244 Zy — 244
Z=Zl+( )(x—x1)+(y )()’_3’1)

X2 — X1 2~ V1
z=f(xY)
fx,y)
= Fenys) + (f(x1 + Ax1»2’;z - f(x1:Y1)> (x — x,)
N (f(x1»3’1 + AX’Q — f(x1»3’1)) (v = v7)
V1
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i i i fi Taylor Series on two Variables

TIRUPATI

Zy — Zq Zy — Zq
ZzZl+< )(x—x1)+<y )(J")ﬁ)

X2 — X1 2 — W1

f,y) = f(xy,y1) + ( 6‘x’
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i i i fi Taylor Series on two Variables

TIRUPATI

flx,y)
0f (x1,¥1 of (x1,y1
= f(x,y1) + ( fry )> (x —xq) + ( flxy )> vy —y1)

dx dy
1[/0? , 0° ,
4 . [( fg;z 3’1)) (x — x;)% + ( fg;,lz Y1)) (x — x)(y — 1)

0° ,
+ ( fg;lz yl)) (y - yl)z]
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ﬁﬁﬁ Taylor Series

TIRUPATI

» fis infinitely differentiable about a point x

00

Fx) = Zf(n) (x0) (x — x¢)"

n!

n
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WA At ST et

IIT Taylor Series on two Variables
f(xl; xz, )
(X1 — xo)nl ( — xo) gmt +ndf
2 2 - Ng! (ax?l ...0x2d> (xg, - X6)

© 0 . nq . n, [ gritng

n{y Ny
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ﬁﬁﬁ 2D Heat Equation

TIRUPATI

2 2
ot 0<t<oo

T(x,0,t) =f1(t),0<t<o  T(,yt)=fo(t), 0 <t <o
T(x,l,,t) =f3(t),0<t <o T(0,y,t)=/f(t),0<t <o

T(x,y,0) =5s(x,y),0<x<1;,0<y <1,
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el SN dwerr fredf

TIT!

TIRUPATI

E:

oT 92T 0°T
kﬁ-l_a_yz 0<x<l,0<y<l,0<t<o

T(x,0,t) = f1(t),0 <t < o T, y,t)=f,(t),0<t <o

T(x, l,,t)=f3(),0<t<oo T(yt)=/fi(t),0<t<oo

T(x,y,0) =s(x,y),0<x<[;,0<y <1,

T(xr l21 t) = f3 (t)

T(Or y1 t) — f4(t)

Panchatcharam

T(.X', O, t) = fl(t)

DY =0@AL

1D Heat Equation

O—O—CO0O—O0O0——C0O0——_0O0—0——_A
y6 [\ I I\ I I [\ 7\ f)
\-/ G/ \_/ \/ N\
y5 7\ I 7\ I I 7\ 7\ f')
./ I W/ I I ./ ./ \\
y4 ) ) ) ) f')
./ ./ -/ ./ ./ \
y3 N\ 7\ 7\ I I 7\ 7\ 7
\\J \J \\J
vl LT T[]
N/ \N_/ N/
wl I T T T T T T
Yo I J: I I I I I
| g | g \ g ./ A\ | g |\ g

xo X1 X» x3 X4 x5 x6 x7 x8
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i i i fi Forward Euler Scheme
TIRUPATI

(X, Yj+1)

aT aT BT ® O—O0—O0—O—0—0—0—0
it y?) Y66 O—O—0O—0
ll]

at axz (xi+1;yj) Vs N
@— —Q y4

x; = 1Ax,i = 0,1,2, .. ,Nx (xi, ¥7) 5.5
y]:jAij_Olz ;Ny v,

=nAt,n =0,1,2, ..., N; (x:yj_l) .
Yo

T(xi’yj» tn) = Tjj .

O

\/
)
()

) M C 7\
O—O—0O0—0O—80—0O0—0O—<
O—O0—(O0—0—0—0 (<
O—O—0O0—0O—@—0O0—0O0—<
O—0O—CO—(0O0—0O0—0—70

—0O0—0O

X1 X2 X3 X4 X5 Xg X7 Xg

o

T — T} _ Tiaj — 2T + Ty N T — 2T + T4
At Ax? Ay?

_ 1+ny
Taylor Series: f (x,y) = Xn, Z;’f’( Xo)™ (y=y0)"2 (a oy )(xo o)

nq!ny!
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: o voo (X=x0)"1(y=yo)"2 ( 9M1T2f
Taylor Series: f(x,y) = an an : : (axnlay"Z) (X0, Y0)

nl!nz!

aoT p 62T+62T
at  \dx2 0y? (ki 740)
(X1, yj) (xi+1:yj)
X;i = iAx,i = 0,1,2,...,Nx ® — P
yj =jAy,j =0,12,..,N, (x2,3)
t, =nAt,n =0,1,2, ..., N; i
(xi, ¥j-1)

T(xl-, y], tn) = T;}

1
T/ —Tj _ i+1j — 2Tj; + TiZy; N ij+1 — 2T + Tjj_4
At Ax? Ay?

4kAt T+ T+ TR + T
Ti,}+1 :<1_ hz )T;}--FkAt( -1y L] 1h2 i+1j l]+1>

n+1 n n+1 n+1 n+1 n+1 n+1 n+1
Tij Ty (Tiynj — 2T + Ty L (L 2Ty + T2y w .
At Ax? Ay?
001 0 LoD : i né
0 P oo . -F 1+4F .. —F . . BRI L T{‘erl b= Tl"lvz—
AT = p A S S O T




i et e fRreuf

TIRUPATI
(X1, Vjs1) O O OO0 O O O 0O O
‘ O O O o O O O o O
O O @€ O O O O O O
C @ @ @€ O O O O O
(Xi_]_;yj) (xi+1;Yj) O O @ O O O O O O
‘ ' . O O O o O O O O O
(xl.’yj) o O O o O O O O O
o O O o O O O o O
@
(xi;)’j—l)
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i et e fRreuf

o 0 Forward Euler Scheme

TIRUPATI

2 2 O—O—O0—O0—0—0—0—0—0Q
OT _ (97T 07T\ . | flro+h—2fC)+fCo—h) y,
— =k s+ =] &= v OO0
at ax ay ySC\ e\ ) T\ T\ e\ ) e\ f')
V4
O—O—O—O—O—O—O0—0O—0
_ 7n
T(xi,yj,tn) _TU Yal | S>—O—O0—6—0—b—<
yl e\ e\
2 2 ./ ./
OT Gy, Yy tn) _ (2 T(x;y;, n) 02T (x1,y;, tn) vl L L L L L LT
ot o 0x2 ayz Xo X1 Xz X3 X4 X5 Xg X7 Xg
I ,n+1
O
+1
T =T (T — 2T + T4 N Tijie1 — 2T + T4
At Ax? Ay?
@ o Q@
i-1 ,n i,n i+1,n
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i et e fRreuf

o 0 Forward Euler Scheme

TIRUPATI
oT kaZT 04T ycoooooooo
N, + °6—0O0—0O0-—0O0—0O—0O0—b-0O0
ot 0x2 0vy? Vs
Y Ax = Ay =nh P—O———0O—O—0—0—0
y4(\ ) ) ) M ) ) ) f')
VS — Tn y
T(xl, y], tn) i Tij 3 ~ ~ (:) ~ ~ P (3 AN e
vl L Ll L LD T
Yo
n+1 n n n n n n o—O0O—0—0—0—0—0
Ii;" " — Ty _ Ti2qj + Ty — 4T +Tigq; T 100\ %y %, x, x5 %4 x5 Xe 27 X
At B h2 i, n+l1
()
0, O @
I'l ;n l}n I+1 n
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o 0 Forward Euler Scheme

TIRUPATI
aT kaZT 02T yooooooooo
Py + °6— 0600006020
ot dx? dy? Vs
Y Ax = Ay =nh P—O———0O—O—0—0—0
y4(\ ) ) ) ) ) ) ) f')
_ 7n
T(Xi, yj, tn) — Tij y3 ~ ~ (:) -~ a -~ (3 P A
vl L Ll L LD T
W T T OT
" .4+ TN  — AT+ TN 4+ TH Yo Iol l I OI
TRHL — TN 4 LAe | - 1j T lij—1 Lj i+1j ij+1\ xo x; Xy, X3 X4 X5 Xg X; Xg
ij — 1ij h2 i, n+1
O
@ o Q@
I'l ;n l}n I+1 n
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el SN dwerr fredf

i i i fi Forward Euler Scheme

TIRUPATI
oT k(aZT 04T yo O—O—O0—0—0—0—0—Q
— = + *O—0O0—O0—0—0—0—0—0-20

2 2 -/ 7 NS -/ \
ot 0x Oy Ax =Ay=nh 56 5 6-0—b0—0—0—0—0
e 5 500
_ TN
T(Xi, yj, tn) — Tij y3 ~ ~ (:) N I A~ (3 -~ r
el DL L LD L L
Yo
n n n n o0—O0—0O0—0—0—0—o0
T.Tl:+1 — 1 _ 4kAt TTI, + kAt Tl_l] + Tl]_l + Tl+1] + Tl]+1 Xg X1 Xo X3 X3 X5 Xg X7 Xg
ij 2 ij h2 i,n+1
O
@ O @
i-1 ,n i,n i+1,n
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el SN dwerr fredf

T Backward Euler Scheme

TIRUPATI

2 2 O—O0—0O0—O0—0—0—0—0—0Q
OF _ (97T 07T |, | fGath)=2fCo)+fCa=h) y,
— = > + > f'(xo) = 2 O—O—O0—0O0—O—0—0—0—0
at ax ay ySC\ e\ ) T\ T\ e\ ) e\ f')
Va
O—O—O—O0—0O0—O0—0O0—0—0
_ mn
T(xl,y],tn)—TU Yal | S>—O—O0—6—0—b—<
yl e\ e\
6T(xi,yj,tn)_k OZT(xi,yj,tn)+02T(xi,yj,tn) vl L L L L LT [T
ot o 0x2 ayz Xo X1 Xz X3 X4 X5 Xg X7 Xg
i-1,n+1 | ,n+l j+1 ,n+1
o @ O
TiT}H—Ti?}_ T — 2T + T N T — 2T + T
At Ax? Ay?
o
AL
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el SN dwerr fredf

LT Backward Euler Scheme

TIRUPATI
oT 0°T 04T O—O0—0—0—0—0—0—0—Q
= Yoo 5 > O—O0—0O0—0

—=k
ot 0x* T dy*?

r
Qr\

) Vs [T
Ax:Ay:h O—O—0—0

)
O

N 2~ N\ N\ N\
vV U U U U

T(Xi,yj, tn) — TZ} Y3 | ]i 5—O
% I \:
L]

1 1 1 1 1 1 o—O——0O0—0—0—0—-0
T =T . TG + T — AT + TR + T
At h?2 T +

M
) T

t
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el SN dwerr fredf

LT Backward Euler Scheme

TIRUPATI
aTkaZT 02T ycocoooooo
— = + 5 O—b—-O0—O0—O—6-—--0
ot 0x2 Jdvy?

y Ax =Ay=nh LT N A D N !
Y4
O—O—O—O—O—O—O—O—O
__
T(Xi, yj, tn) i Tij y3 ~ ~ (:) A ~ P (3 AN e
vl L Ll L LD T
S EE0N000
kA Yo I O l l I O I
t X X X X X X X X X
n+l _ mn n+1 n+1l _ ppn+l n+1 n+1 0 X1 Xz X3 X4 X5 X¢ X7 Xg
T =T + o (T2 + T2 — 4T + TR + T i1,n+1 i nel je1,ne
Q@ Q O
()
L
.




el SN dwerr fredf

T Backward Euler Scheme

TIRUPATI

oT k(aZT 04T yo O—O—O0—0—0—0—0—Q
—_— —I— 6() O O—O O 0O O—0O—0O
2 2 -/ 7 NS g \
ot 0x Oy Ax =Ay=nh 5L 5 55650
e 500000
T(xl; y]; tn) — TZ} kAt Y35 O—O—O—O—0O— 0O

F=9z vl L Ll L LD T

eS8 eee!

Tn+1 TTL kAt ( TL+1 Tn+1 4_Tn+1 Tn+1 Tn+1 Yo :\lg O :\]; :\l; I O 1:
] hz 1j—1 ] l+1] 1j+1 Xg X1 X X3 X4 X5 Xg X7 Xg

i-1,n+l1 j,n+l i+1 ,n+1

@ @ @

Ti7}+1 — le} i F( n+1 1 Tn+1 4Ti1}+1 + Tl':}l_-li} TZ}I%

[0
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o 0 Backward Euler Scheme

TIRUPATI
oT 02T 02T O—O—O0—0—O0—0—0—0—0
— = > + 5 Yoo, 6 5 5 5 655 50
ot 0x Oy Ax =Ay=nh 5L 5 5 b & 55
nh 5 5 & 6 &5 660
T(x;, v, tn) = T Y N N N D N S N
S NOeeaeae;
WIS T O
Yo I O l l I O I

Xo X1 X2 X3 X4 Xg Xg X7 Xg
i-1,n+1 | ,n+l j+1 ,n+1

o O 0
—FT Y = FT L + (UL + 4P)T ™ — FT — FT 1 =T}
o
j,n
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el SN dwerr fredf

o 0 Backward Euler Scheme

TIRUPATI

—FT{} — FTJ G + (L+ 4F)T - FT — FT L =T

(1,1): —FT}*t — FTIVP + (1 + 4F) T — FTY — FTRM =T
(1,2): —FTE — FTP + (1 + 4F)TRMY — FTRYY — FTIVTY = T,

(2,1):—FT& Y — FTM + (1 + 4F)T Y — FTY — FTRMY =TT

(1,0): —FT3t + (1 + 4F)THY — FTVPY — FTPY = TR

(0,1): =FTgo " + (1 + 4F)Tgy™ — FT{y™H — FTgy™ = Tgy
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RIENI] WWW%TW%
I'l Ill

i 0 A

TIRUPATI

Backward Euler Scheme

—FT — FTJ 1+ U+ 4T — FTR — FT i =T}

(L,1): —FT}\" — FTIVH + (1 + 4F)THY — FTR Y — FTRML = T1
(1,2): —FT}L — FTIY + (1 + 4T — FTVYY — FTRYL =T

(2,1):—FTHY — FTP + (U + 4F) T — FTRYY — FTRAM = T1,

n+1 n+1 n+1 rn+l _ TR

)
. rn+1 n+1 n+1 rn+l _ TR
Q@—l%—%ﬁ—@l—%%——%l——w.
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i i

Backward Euler Scheme

TIRUPATI

+1 +1 +1 +1 +1
—FTL-’Z1 FT” T+ 4F)T-’? 7711] Tl’}+1 Tl’}
(L,1): —FT)y" = FTIH + A+ 4F)T — FTR MY — FTYY =T
(1,2): —FT}WH — FTIYYY + (1 + 4F)TS "+1 — FTM — FTRYL =T1
(2,1): —FT{* — FTILFY 4+ (1 + 4F) 2"1“ FTM — FTRtL =T1

1 0 0

0 1 0

0o -

—F 0 —F 1 + 4F —F —F

—
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End of Lecture
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