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FEM: Poisson
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FEM: Weak Form
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FEM: Abstract Problem
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FEM: Function Spaces
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FEM: Linear Lagrange Element
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FEniCS

▪C++/Python Library

▪ 2003 Chicago

▪Part of Debian and Ubuntu

▪GNU Licence

▪ http://fenicsproject.org
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Automated FEM

▪  Automated generation of basis functions

▪  Automated evaluation of variational forms

▪  Automated finite element assembly

▪  Automated adaptive error control
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Collaborators

▪ Simula Research Laboratory

▪University of Cambridge

▪University of Chicago

▪ Texas Tech University

▪ KTH Royal Institute of Technology 

▪ Chalmers University of Technology

▪ Imperial College London

▪University of Oxford

▪ Charles University in Prague
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FEniCS Code
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FEniCS Elasticity

from fenics import *

mesh = UnitCubeMesh (24 , 16 , 16)

V = VectorFunctionSpace (mesh , " Lagrange ", 1)

left = CompiledSubDomain ("( std :: abs(x[0]) 

< DOLFIN_EPS ) && on_boundary ")

right = CompiledSubDomain ("(std :: abs(x[0] - 1.0) 

< DOLFIN_EPS ) && on_boundary ")

c = Expression (("0.0", "0.0", "0.0"), degree =0)

r = Expression (("0.0",

"0.5*( y0 +(x[1]-y0)*cos(t) -(x[2]-z0)*sin(t)-x[1])",

"0.5*( z0 +(x[1]-y0)*sin(t)+(x[2]-z0)*cos(t)-x[2])"),

y0=0.5, z0=0.5, t=pi/3, degree =3)

bcl = DirichletBC (V, c, left )

bcr = DirichletBC (V, r, right )

bcs = [bcl , bcr ]

v = TestFunction (V)

u = Function (V)

B = Constant ((0.0, -0.5, 0.0))

T = Constant ((0.1, 0.0, 0.0))

I = Identity (V. cell ().d)

F = I + grad (u)

Ic = tr(F.T*F)

J = det(F)

E, nu = 10.0, 0.3

mu , lmbda = Constant (E/(2*(1 + nu))),

Constant (E*nu/((1 + nu)*(1 - 2*nu)))

psi = (mu/2)*(Ic - 3) - mu*ln(J) +

( lmbda /2)*(ln(J))**2

Pi = psi *dx - dot(B, u)*dx - dot(T, u)*ds

F = derivative (Pi , u, v)

solve (F == 0, u, bcs)

plot (u, interactive =True , mode =" 

displacement ")
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Basics of FEniCS
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FEniCS: Implementation

from fenics import *

mesh = UnitSquareMesh (32 , 32)

V = FunctionSpace (mesh , " Lagrange ", 1)

u = TrialFunction (V)

v = TestFunction (V)

f = Expression ("x[0]*x[1]", degree =2)

a = dot( grad (u), grad (v))*dx

L = f*v*dx

bc = DirichletBC (V, 0.0, DomainBoundary ())

u = Function (V)

solve (a == L, u, bc)

plot (u)
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FEniCS: Implementation
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FEniCS: Documentation
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Installing FEniCS

sudo add-apt-repository ppa:fenics-packages/fenics

sudo apt-get update

sudo apt-get install --no-install-recommends fenics

sudo apt-get dist-upgrade

git clone git@bitbucket.org:fenics-project/fiat

git clone git@bitbucket.org:fenics-project/instant

git clone git@bitbucket.org:fenics-project/dijitso

git clone git@bitbucket.org:fenics-project/ufl

git clone git@bitbucket.org:fenics-project/ffc

git clone git@bitbucket.org:fenics-project/dolfin

git clone git@bitbucket.org:fenics-project/mshr

cd fiat    && pip3 install .

cd instant && pip3 install .

cd dijitso && pip3 install .

cd ufl && pip3 install .

cd ffc && pip3 install .

cd dolfin && mkdir build && cd build && cmake .. && make install

cd mshr && mkdir build && cd build && cmake .. && make install

Ubuntu

Source
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PDEs in FEniCS

▪ Identify 
➢ PDE

➢ Boundary Condition

▪ Formulate PDE as variational problem

▪ Python program
➢ Formulated variational problem is coded

➢ Definitions of input data, 𝑓, 𝑢0, Ω

▪ Solving variational problem

▪ Computing derived quantities 
➢ 𝛻𝑢

▪ Visualize the results
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PDEs in FEniCS
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Variational Problem
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Variational Problem: Discrete Form
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Variational Problem: Canonical Form
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Test Problem



Panchatcharam December 2025

Step by Step Procedure in FEniCS

from fenics import *

mesh = UnitSquareMesh (8, 8)

V = FunctionSpace (mesh , " Lagrange ", 1)

u0 = Expression ("1 + x[0]*x[0] + 2*x[1]*x[1]",degree =2)

bc = DirichletBC (V, u0 , " on_boundary ")

f = Constant (-6.0)

u = TrialFunction (V)

v = TestFunction (V)

a = inner ( grad (u), grad (v))*dx

L = f*v*dx

u = Function (V)

solve (a == L, u, bc)

plot (u)

interactive () # If using VTK plotting
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Step by Step Procedure in FEniCS

from fenics import *

▪ Import key classes
➢ UnitSquareMesh

➢ FunctionSpace

➢ Function

➢ …

▪ From the FEniCS user interface (DOLFIN)
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Step by Step Procedure in FEniCS: Mesh

mesh = UnitSquareMesh (8, 8)

➢ This denes a mesh of 8 × 8 × 2 = 128 triangles of the unit square

➢ Other useful classes for creating built-in meshes
▪ UnitIntervalMesh 

▪ UnitCubeMesh

▪ UnitCircleMesh

▪ UnitSphereMesh

▪ RectangleMesh

▪ BoxMesh
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Step by Step Procedure in FEniCS: Mesh

More complex geometries can be built using Constructive Solid

Geometry (CSG) through the FEniCS component mshr:

from mshr import *

r = Rectangle ( Point (0.5, 0.5), Point (1.5, 1.5))

c = Circle ( Point (1.0, 1.0), 0.2)

g = r - c

mesh = generate_mesh (g, 10)
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Step by Step Procedure in FEniCS: Function Space 

V = FunctionSpace (mesh , " Lagrange ", 1)

• The second argument species the type of element, while the third 

argument is the degree of the basis functions on the element

• Other type elements
❖ "Discontinuous Lagrange“

❖ "Brezzi-Douglas-Marini“

❖ "Raviart-Thomas"

❖ "Crouzeix-Raviart“

❖ "Nedelec 1st kind H(curl)“

❖ "Nedelec 2nd kind H(curl)"



Panchatcharam December 2025

Step by Step Procedure in FEniCS: Expression

u0 = Expression ("1 + x[0]*x[0] + 2*x[1]*x[1]",degree =2)

➢The formula must be written in C++ syntax, and the polynomial degree must 

be specified.

➢The Expression class is very flexible and can be used to create complex 

user-defined expressions

➢For more information

from fenics import *

help ( Expression )
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Step by Step Procedure in FEniCS: BCs

bc = DirichletBC (V, u0 , " on_boundary ")

➢This boundary condition states that a function in the function space defined by 
V should be equal to u0 on the domain defined by "on_ boundary"

➢Note that the above line does not yet apply the boundary condition to all 

functions in the function space

" on_boundary " # The entire boundary
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Step by Step Procedure in FEniCS: RHS

➢ f = -6 may be defined as follows:

f = Expression ("-6.0", degree =0)

f = Constant (-6.0)

➢Or
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Step by Step Procedure in FEniCS: Variational Problem

➢Trial and Test Functions

u = TrialFunction (V)

v = TestFunction (V)

a = inner ( grad (u), grad (v))*dx

L = f*v*dx

➢Bilinear form and Linear Form a(u,v) and L(v)
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Step by Step Procedure in FEniCS: Solving

➢ Solve Function

u = Function (V)

solve (a == L, u, bc)

Note: reuse of the variable name u as both a TrialFunction in the variational 
problem and a Function to store the solution.
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Step by Step Procedure in FEniCS: Post-Processing

➢ For Post Processing
➢Paraview

➢Mayavi

➢Store in VTK format

file = File (" poisson . pvd")

file << u

plot (u)

interactive () # If using VTK plotting
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Stokes Equation:Non-linear PDEs
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Variational Form: Non-linear PDEs
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Variational Form: Non-linear PDEs
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Variational Form: Non-linear PDEs
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More concepts



Panchatcharam December 2025

Read From File
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Mixed Function Spaces
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Mixed Function Spaces
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Function vs Expression
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Function vs Expression
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BCs on Mixed Spaces
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Stokes:Variational Form
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Stokes: Solving
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Parameters Adjustments
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Complete Code

from __future__ import print_function

from fenics import *

# Use -02 optimization

parameters [" form_compiler "][" cpp_optimize "] = True

# Define mesh and geometry

mesh = Mesh (" dolfin -2. xml.gz")

x = SpatialCoordinate ( mesh )

n = FacetNormal ( mesh )

# Define Taylor -- Hood function space W

P2 = VectorElement (" Lagrange ", triangle , 2)

P1 = FiniteElement (" Lagrange ", triangle , 1)

TH = MixedElement ([P2 , P1 ])

W = FunctionSpace (mesh , TH)

# Define Function and TestFunction (s)
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Complete Code

w = Function (W)

(u, p) = split (w)

(v, q) = TestFunctions (W)

# Define viscosity and bcs

nu = Expression ("0.2*(1+ pow(x[1],2))", degree =2)

p0 = (1.0 - x[0]) # or Expression ("1.0-x[0]", degree =1)

bcs = DirichletBC (W.sub (0), (0.0, 0.0),

" on_boundary && !( near (x[0], 0.0) || near (x[0], 1.0))")

# Define variational form

epsilon = sym ( grad (u))

F = (2*nu* inner ( epsilon , grad (v)) - div(u)*q - div(v)*p)*dx\

+ p0*dot(v,n)*ds

# Solve problem

solve (F == 0, w, bcs)

# Plot solutions

plot (u, title =" Velocity ")

plot (p, title =" Pressure ")

# interactive ()
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Result
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Time Dependent PDE
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Algorithm
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Variational PDE
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Time Stepping Algorithm
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Testing

➢Exact Solution

➢ Insert u into heat equation
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Testing
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Testing
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Testing
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Testing
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Testing
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FEniCS: 3D Poisson Equation

1) from fenics import *

2) import numpy as np

3) T = 10.0 # final time

4) num_steps = 500 # number of time steps

5) dt = T / num_steps # time step size

6) mu = 1 # kinematic viscosity

7) rho = 1 # density

8) mesh = UnitSquareMesh(16, 16)

9) V = VectorFunctionSpace(mesh, ’P’, 2)

10)Q = FunctionSpace(mesh, ’P’, 1)

11)inflow  = ’near(x[0], 0)’

12)outflow = ’near(x[0], 1)’

13)walls   = ’near(x[1], 0) || near(x[1], 1)’
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FEniCS: 3D Poisson Equation

14)bcu_noslip = DirichletBC(V, Constant((0, 0)), walls)

15)bcp_inflow = DirichletBC(Q, Constant(8), inflow)

16)bcp_outflow = DirichletBC(Q, Constant(0), outflow)

17)bcu = [bcu_noslip]

18)bcp = [bcp_inflow, bcp_outflow]

19)u = TrialFunction(V)

20)v = TestFunction(V)

21)p = TrialFunction(Q)

22)q = TestFunction(Q)

23)u_n = Function(V)

24)u_  = Function(V)

25)p_n = Function(Q)

26)p_  = Function(Q)

27)U   = 0.5*(u_n + u)

28)n   = FacetNormal(mesh)

29)f   = Constant((0, 0))

30)k   = Constant(dt)

31)mu  = Constant(mu)

32)rho = Constant(rho)
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FEniCS: 3D Poisson Equation

33)def epsilon(u):

34) return sym(nabla_grad(u))

35)def sigma(u, p):

36) return 2*mu*epsilon(u) - p*Identity(len(u))

37)F1 = rho*dot((u - u_n) / k, v)*dx + rho*dot(dot(u_n, nabla_grad(u_n)),

v)*dx + inner(sigma(U, p_n), epsilon(v))*dx + dot(p_n*n, v)*ds -

dot(mu*nabla_grad(U)*n, v)*ds - rho*dot(f, v)*dx

38)a1 = lhs(F1)

39)L1 = rhs(F1)

40)a2 = dot(nabla_grad(p), nabla_grad(q))*dx

41)L2 = dot(nabla_grad(p_n), nabla_grad(q))*dx - (1/k)*div(u_)*q*dx

42)a3 = dot(u, v)*dx

43)L3 = dot(u_, v)*dx - k*dot(nabla_grad(p_ - p_n), v)*dx

44)A1 = assemble(a1)

45)A2 = assemble(a2)

46)A3 = assemble(a3)

47)[bc.apply(A1) for bc in bcu]

48)[bc.apply(A2) for bc in bcp]
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FEniCS: 3D Poisson Equation
49)t = 0

50)for n in range(num_steps):

51) t += dt

52) b1 = assemble(L1)

53) [bc.apply(b1) for bc in bcu]

54) solve(A1, u_.vector(), b1)

55) b2 = assemble(L2)

56) [bc.apply(b2) for bc in bcp]

57) solve(A2, p_.vector(), b2)

58) b3 = assemble(L3)

59) solve(A3, u_.vector(), b3)

60) plot(u_)

61) u_e = Expression((’4*x[1]*(1.0 - x[1])’, ’0’), degree=2)

62) u_e = interpolate(u_e, V)

63) error = np.abs(u_e.vector().array() - u_.vector().array()).max()

64) print(’t = %.2f: error = %.3g’ % (t, error))

65) print(’max u:’, u_.vector().array().max())

66) u_n.assign(u_)

67) p_n.assign(p_)

68)interactive()
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